Using two-dimensional particle-in-cell simulations, the temporal evolution of the uncompensated charge on an ultra-thin ͑400 nm͒ foil target ionized by a relativistically intense laser pulse is studied in detail. The analysis reveals a new dynamic regime of acceleration of light ions/protons that allows particles to experience the maximum acceleration potential created by the laser. As an alternative to the conventional double-layer target, a new target geometry in which the proton energy is enhanced by Ϸ30% is proposed.
I. INTRODUCTION
The interaction of relativistically intense laser pulses with thin foil targets has nowadays become an established technique for acceleration of protons to energies in the range of tens of MeV. 1 Following early experiments in thick ͑Ͼ100 m͒ metal 2 and plastic 3 targets, numerous labs have reported proton acceleration in the MeV range using lasers. The proton beams produced as a result of this laser-plasma interaction possess low transverse emittance and high particle flux-qualities that make them suitable for a variety of applications, such as materials science, 4 imaging of fast field dynamics, 5 nuclear activation, 6 and hadron radiotherapy. 7, 8 The exact physical description of the processes that lead to proton acceleration from thin foil targets is now understood on a qualitative level, and two main laser intensity regimes are being considered in the design of new laser accelerators. For intensities accessible by today's laser technology ͑I Ͻ 10 22 W/cm 2 ͒, the target normal sheath acceleration 9 ͑TNSA͒ is found to adequately describe the dynamics, while proton shock acceleration in thicker targets ͑Ն2 m͒ becomes dominant for ultra-high intensity laser pulses that may soon be produced. 10 Laser intensity in excess of 10 19 W/cm 2 is considered relativistic, owing to the fact that an electron oscillating in such an intense field acquires kinetic energy greater than its rest mass; the quantity a = eE 0 / m e c, known as relativistic parameter ͑normalized field amplitude͒, becomes greater than unity in this case. In all practical proton acceleration schemes, relativistic intensity is required in order to expel a large number of electrons from the target. Due to the low mobility of the heavy ions, the uncompensated positive charge remains localized and produces strong ͑ϳTV/ m͒ quasi-electrostatic field ͑sheath͒ in the vicinity of the surface of the target. Consequently, protons that are present on the surface in the form of hydrocarbons and adsorbed water are accelerated to energies in excess of 10 MeV. The scenario outlined above pertains to the ideal case in which extremely clean laser pulse interacts with a relatively thin ͑Յ1 m͒ dense target. Most high-power laser sources generate a short pulse ͑Ͻ1 ps͒ superimposed on a broad ͑ Ͼ1 ns͒ amplified spontaneous emission pedestal, referred to as a prepulse. When focusing such a complex pulse envelope on the target surface, the prepulse may ionize the target hundreds of picoseconds before the main pulse arrives. As a result, low-density ͑below critical͒ hot preplasma is produced that expands into the vacuum preventing the build up of a localized positive charge essential for the TNSA regime. Recent advances in laser technology 11, 12 allow for the generation of pulses with high contrast ͑Ͼ10 10 ͒ on a nanosecond scale and experiments employing such pulses in ultra-thin targets thus become feasible. Experiments in thicker targets are less susceptible to prepulse levels. In those cases 1 the prepulse ionizes part of the target while leaving the rear surface intact before the arrival of the main pulse. New nanofabrication techniques combined with sophisticated target preparation methods 13 are now routinely used to create complex targets.
14 Quasi-monoenergetic beams of protons 14 and light ions 13 have been experimentally accelerated from such structures. In our analysis we investigate the dynamics of a monoenergetic proton cloud in the field of a target ionized by a ultra-short relativistically intense laser pulse.
Let us consider a positively charged particle of charge q moving toward the center of a positively charged ball ͑target͒ of radius R and total charge Q, homogeneously distributed throughout the ball's volume. The evolution of the test particle is governed by its Coulomb interaction with the charged ball while microscopic discrete collision events are neglected. The problem is essentially one dimensional and fully integrable even in the relativistic case, provided the ball's charge is not a function of time. The kinetic energy of the charged particle at infinity is
͑1͒
where T͑x 0 ͒ is the kinetic energy of the particle at the initial position x 0 , T 0 = kQq / R is the kinetic energy acquired by a particle initially at rest on the ball's surface; k =1/͑4⑀ 0 ͒. The test charge will be reflected back if its total initial energy is less than 3T 0 / 2, and it will pass through the charged ball otherwise. Since the reflection takes place in the Coulomb field of the target, we will further refer to this effect as the Coulomb mirror effect.
The one-dimensional scattering scenario described above is easy to analyze when the target's charge is time independent. It is, however, inherent to the proton acceleration by intense laser pulses that the uncompensated charge of the target depends on time. One can distinguish two important stages: ͑1͒ initial growth, when some of the electrons are expelled from the target, followed by ͑2͒ subsequent reduction, when some of the expelled electrons return after the peak of the laser pulse has passed. 15, 16 As a result of this complex temporal charge evolution, a time-dependent laserinduced Coulomb mirror is formed that can influence the trajectories of test charges.
In this work we show that in a conventional proton acceleration geometry ͑thin proton layer on the back surface of the target͒, the acceleration conditions are far from optimum due to the fact that the protons are expelled from the target before the maximum charge is reached, and as a result experience reduced acceleration potential. We analyze the results from two-dimensional particle-in-cell ͑2D PIC͒ simulations of the evolution of a Coulomb mirror during the interaction of ultra-intense laser pulse with a solid-density metal foil. We further develop a three-dimensional ͑3D͒ relativistic model of proton acceleration that reveals new dynamic acceleration regime offering enhanced proton energy.
II. COULOMB MIRROR EFFECT IN 2D PARTICLE-IN-CELL SIMULATIONS
The temporal evolution of the target's charge is one of the main factors that govern the dynamics of proton acceleration from a thin metal target ionized by a relativistically intense laser pulse. It becomes more prominent in the case in which the protons are initially distributed in a thin layer on the back surface of the target. In order to study this effect we performed fully relativistic two-dimensional PIC simulations with initial conditions corresponding to a realistic experimental situation, where a relativistically intense ͑I 0 = 1.92 ϫ 10 21 W/cm 2 , a Ϸ 30͒ ultra-short ͑Ϸ40 fs͒ infrared ͑ = 800 nm͒ laser pulse interacts with a Cu target of thickness 400 nm at normal incidence. The electron density in the target is overcritical ͑n e = 3.2ϫ 10 22 cm −3 ͒. A 200 nm thick hydrogen-rich layer ͑n e =6ϫ 10 19 cm −3 ͒ is initially situated on the back surface of the target and serves as a source of protons in a double-layer target geometry. The transverse dimensions of both target ͑5 m͒ and proton layer ͑2.5 m͒ are chosen to be smaller than the focal spot size of the laser: a geometry first proposed in Ref. 17 and experimentally proven to yield quasi-monoenergetic proton beams.
14 For the Coulomb mirror dynamics studies presented here, the presence of multiple charged states of the substrate ions will only introduce unnecessary complexity to the problem. Therefore, a single average charged state Z i = 4 of the ions is used. We recorded the spatio-temporal evolution of the longitudinal electric field along the laser pulse propagation in an effort to study closely the evolution of the target's uncompensated charge and the effect the electron evolution has on the field composition, that in turn influences the proton layer evolution. The results are presented in Fig. 1 , where the electric field strength is shown in false colors with a linear magnitude scale included in the inset.
The peak of the laser pulse arrives at the target Ϸ70 fs after the beginning of the simulation and as a result some of the electrons are expelled from the target. Analysis of the phase space data reveals more efficient electron acceleration in forward direction ͑that of the initial propagation of the laser pulse-from left to right in Fig. 1͒ as a result of an asymmetry in the ponderomotive force exerted by a light pulse incident on plasma with monotonously increasing electron density. 18, 19 Therefore, more uncompensated charge builds up on the back surface of the target ͑see Fig. 1͒ contributing to a stronger longitudinal electric field. This asymmetry was estimated to be Ϸ20% ͓͉E l ͑−x , t͉͒ Ϸ 0.8͉ E l ͑x , t͉͔͒, for the simulation parameters outlined above.
Most of the electrons that were initially expelled from the target eventually return at later times and partially neutralize the charge created by the laser pulse, reducing gradually the electric field on both sides of the target. 16 In our PIC simulation, charge and field evolution of this type accelerates protons initially situated at the back surface of the target along the dashed curve shown in Fig. 1 ͑evolution of the center of mass of the proton layer͒. It is clearly seen that the protons never experience the maximum electric field created by the charge separation induced by the laser; they are accelerated in the region where the electric field strength is less than 25% of its maximum value. Being much lighter than the ions, the protons leave the back surface of the target before the high longitudinal electric field is established, and as a result the kinetic energy T 0 that they acquire is lower than the energy a proton passing through the region of maximum electric field would obtain. Therefore, one can, in principle, achieve optimum acceleration if the proton bunch is initially moving toward the target and the timing of the laser pulse is properly adjusted. The experimental setup for generation of a moving proton bunch by means of a two-stage target is discussed in detail Sec. IV. Under optimum conditions, the tim-FIG. 1. ͑Color online͒ PIC simulation of proton acceleration from a target ionized by a relativistically intense laser pulse propagating from left to right. A dashed line is used for protons initially situated on the back surface of the target; the red ͑green͒ solid line represents the trajectory of the center of mass of a proton bunch initially moving toward the back ͑front͒ surface of the target. The spatio-temporal evolution of the longitudinal electric field is shown in false colors.
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ing of the laser pulse is matched with the arrival time of the proton bunch on the target, ensuring that the protons experience the maximum electrostatic potential created by the laser. Two such optimum trajectories are shown with red ͑green͒ in Fig. 1 corresponding to protons initially moving toward the back ͑front͒ surface of the target with kinetic energy T i = 0.35T 0 . Similar to the conventional case of protons at rest on the back surface of the target, the proton bunch that approaches the target is initially charge neutral and its dimensions are 0.2 m ͑thickness͒ and 2.5 m ͑width͒. For the case depicted with red line in Fig. 1 , the proton bunch slows down to a rest when the longitudinal electric field at the back surface of the target reaches its maximum. From that point on the proton bunch is accelerated in the opposite direction and acquires kinetic energy T 1 Ϸ 1.5T 0 ͑obtained from the PIC simulation͒. Protons, initially co-propagating with the laser pulse ͑green line in Fig.  1͒ slow down due to their interaction with the weaker field at the front surface of the target, pass through the target, and are accelerated by the strong field at the back surface to kinetic energy T 1 Ϸ 1.7T 0 . For both cases one obtains gain in kinetic energy in excess of 50% compared to the case of protons at rest at the back surface of the target. In all three cases presented in Fig. 1 , the protons are accelerated in a quasimonoenergetic bunch and the lines represent the motion of the center of mass. It is seen in Fig. 1 that the accelerating Coulomb field asymmetry associated with the direction of propagation of the laser-pulse results in a preferential acceleration in forward direction. A proton bunch with higher than optimum energy and initially following the red trajectory, will pass through the target and experience acceleration in the weaker Coulomb sheath at the front surface. Similarly, slower protons initially following the green trajectory would be fully reflected at the front surface and will be accelerated less than the ones with optimum initial energy ͑passing through the target͒. In a real situation, if the initial proton spectrum is broad enough, the initial proton bunch may split in two quasi-monoenergetic bunches ͑forward and backward͒. In that latter case, a low-energy tail to the quasi-monoenergetic distribution is formed. The protons in the tail are accelerated inside the target, where the field grows in a nearly linear fashion from the target's center. We are not interested in this transitional case and investigate only the regime in which the proton bunch is accelerated as a compact entity.
III. 3D MODEL OF PROTON ACCELERATION IN A COULOMB MIRROR REGIME
In order to study the Coulomb mirror effect in greater detail and to quantify its influence on the acceleration of protons, we developed a 3D model based on the knowledge gained from the 2D PIC simulation. As discussed in a work by Bulanov et al., 20 the acceleration of protons can be modeled as evolution of test charges in a quasi-static electric field created between the substrate ͑approximated by a charged ellipsoid͒ and the expanding electron cloud. In our model, however, we have to also consider the electric field distribution inside the substrate which determines the dynamics of protons propagating through the target's volume. Therefore, the target is approximated by a charged cylinder that allows for analytical description of the electric field distribution on its symmetry axis ͑where the proton acceleration takes place͒.
Let us consider a cylindrical target of radius a and thickness 2r 0 , aligned with its axis ͑x͒ along the propagation of the laser pulse. The proton evolution is studied along the laser beam axis, thus reducing the problem to one dimension. The electric field on the axis of a charged cylinder can be easily obtained trough direct integration:
where Q is the uncompensated charge of the target that can be time dependent. We therefore can write it as Q͑t͒ = Q 0 ͑t͒, where Q 0 is the charge of the target if all electrons are expelled, and ͑t͒ is the proportion of the expelled electrons as a function of time.
The spatio-temporal evolution of the electric field of the target obtained from the PIC simulations is presented in Fig.  1 and can be approximated with 2D Coulomb explosion of a target with time-dependent charge of the form
where ␥ is the fraction of the electrons expelled at the peak of the laser pulse, ␦ is the fraction of the initially expelled electrons that never return to the target, t 0 = 71.25 fs is the arrival time of the peak of the laser pulse at the target, ␣ =4 ln 2/ 2 = 1.97ϫ 10 −3 fs −2 is a constant that depends on the pulse width = 37.5 fs ͑full width at half-maximum͒ used in the PIC simulation, and ␤ is the rate of return of the expelled electrons. The charge evolution according to our model equation ͑3͒ is consistent with the PIC simulation results; for values of the above constants, ␥ = 0.36, ␦ = 0.03, and ␤ = 0.01 fs −1 . The exact shape of ͑t͒ is plotted in Fig. 2 for t Ͻ 200 fs, corresponding to the duration of the PIC simulation.
Using the analytical expression ͑3͒ for the time dependence of the uncompensated charge in the target, one can write the electric field of the charged cylinder given by Eq. ͑2͒ in the form
͑4͒
Retarded response factor ͉x ͉ / c is introduced in Eq. ͑4͒ in order to account for the finite speed of propagation of the electromagnetic interaction. The relativistic equation of motion for a proton interacting with the field distribution ͑4͒ is 
where ␤ is the proton velocity divided by the speed of light, m p is the proton mass, and e is the elementary charge. The system differential equations ͑5͒ can only be solved numerically for different initial conditions and its solutions can be studied in detail. The electric field asymmetry found in the PIC simulations ͑see Sec. II͒ is incorporated in the model through the parameter ⌫͑x͒ = 0.8 for x Յ 0 and ⌫͑x͒ = 1, otherwise. It is worth noting that for the sake of simplicity the Coulomb explosion of the target is not explicitly taken into account in Eq. ͑4͒. As discussed in Ref. 16 , the Coulomb explosion contribution to the electric field can be considered a perturbation due to the smallness of the parameter Z i m e / m i . We confirmed that fact by solving the system ͑5͒ while letting the target thickness 2r o ͑t͒ evolve according to a Coulomb explosion scenario and found no appreciable ͑Ͻ1%͒ offset in the output proton energy. It is essential to emphasize that the target explosion contribution slightly increases the final proton energy T 0 for protons initially at the surface ͑dashed line in Fig. 1͒ as discussed in Ref. 16 . In the case presented here, however, the protons are initially moving toward the target ͑solid lines in Fig. 1͒ and the optimum acceleration is achieved by properly adjusting the timing of the laser pulse. Owing to the lower peak of the electric field resulting from the Coulomb explosion of the target, the proton bunch will experience reduced acceleration even though its timing is correct. In Fig. 3 we summarize the outcomes obtained from the numerical solution of Eqs. ͑5͒ for different initial proton energies. Both the input and the output proton energies are normalized to the kinetic energy T 0 acquired by a single proton initially at rest at the back surface of the target. In Fig.  3͑a͒ the protons are initially co-propagating with the laser pulse and depending on their initial energy are reflected back ͑dashed line͒ or further accelerated in forward direction ͑solid line͒. The exact value for the turning point energy depends on the timing of the laser pulse and can be adjusted. As a result, the laser-induced Coulomb mirror acts as an energy filter as well. In the case depicted in Fig. 3͑b͒ , the protons are initially moving in direction opposite to that of the laser pulse. Consequently, the lower energies are reflected ͑solid line͒, while the faster protons pass through the target, thus achieving filtering effect opposite to the one in Fig. 3͑a͒ . In both cases acceleration in forward direction is found to be more efficient than backward. Additionally, maximum acceleration is obtained for protons initially copropagating with the laser pulse-final kinetic energy T out = 1.3T 0 . 
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IV. APPLICATIONS FOR PROTON ACCELERATION
The benefits of the Coulomb mirror effect, demonstrated both by 2D PIC simulations and by a 3D model, can be utilized in a novel target design, leading to a considerable increase in the final proton energy compared to the conventional double or single-layer target. In a double-layer target geometry ͓Fig. 4͑a͔͒ a laser pulse is focused on the front surface of a target. For peak intensity I 0 , the experiment will yield a quasi-monoenergetic proton bunch of energy T 0 . In our design presented in Fig. 4͑b͒ , the laser acceleration process is split into two steps ͑chain acceleration͒. In stage I, a fraction of the laser power ͑intensity ␣I 0 ͒ interacts with a double-layer target to produce a quasi-monoenergetic proton bunch of energy T 1 that is further accelerated to energy T 2 in a Coulomb mirror setup ͑stage II͒ pumped by the remaining laser power ͑1−␣͒I 0 . For a fixed distance between the two targets, adjustment of the timing of the second laser pulse is necessary to obtain optimum acceleration conditions in stage II. According to our theoretical model, for a given value of the splitting parameter ␣ ͑kinetic energy T 1 ͒ and fixed distance between the two targets, one can find an optimum delay of the second laser pulse that ensures correct arrival time of the proton bunch generated in stage I.
In order to study the effectiveness of the double target design, we first employed our 3D model and subsequently confirmed its predictions in a 2D PIC simulation. The general trend in the relativistic intensity regime yields a simple relation for the output proton energy T ϳ ͱ I ⇒ T 1 = T 0 ͱ ␣. 21 In the analysis of the Coulomb mirror stage ͑II͒, protons of energy T 1 are incident on a target ionized by a laser pulse of intensity I 2 = ͑1−␣͒I 0 . In Fig. 5 we present the solutions of Eqs. ͑5͒ for different values of the intensity splitting parameter ␣. Open circles and dashed line are used to designate solutions obtained with target explosion taken into account, while full circles and solid line depict solutions with no target explosion. The two trends are nearly identical with the explosion regime, predicting somewhat lower output energy as discussed above. The maximum pure gain ͓1−T 2 ͑␣͒ / T 0 ͔ in the double target geometry is estimated to be Ϸ26% and is obtained for a value of ␣ Ϸ 0.18. Our 2D PIC simulations ͑squares in Fig. 5͒ of the two consecutive amplification stages yield higher gain ͑Ϸ50%͒ that peaks at the same intensity splitting ratio ␣ predicted by the 3D model. It is important to note that the 2D potential inherent to the 2D PIC simulation code we use, is bound to overestimate the strength of the electromagnetic interactions, thereby resulting in increased output energy of the protons. In addition to that, the electron motion is only accounted for through the partial charge compensation in the target in Eq. ͑3͒, a simplification that ignores kinetic instabilities 22 and electron space-charge effects beyond the surface of the target. 16 For beam splitting ratio of 0.18 predicted by both 2D PIC simulations and 3D Coulomb mirror model, the proton energy gain is substantial and can be in the range 25%-40%. Any splitting ratio is found to be beneficial, since the normalized output kinetic energy of the protons T 2 ͑␣͒ / T 0 is always greater than unity. However, in a real experiment, losses and pulse broadening in the beam splitter will inevitably dominate over the reduced Coulomb mirror gain for large splitting ratios. Based on the results presented in Fig. 5 , we predict that the range of suitable splitting ratios would be ␣ ͑0.1, 0.3͒. Following the scaling law T ϳ ͱ I, in order to obtain a 30% increase in the output proton energy from a single target, a 70% more powerful laser source would be required. In the double target geometry proposed above ͓Fig. 4͑b͔͒, a 30% energy gain is obtained without an increase in the laser intensity.
In the experimental realization, a double-layer target in stage I is undoubtedly beneficial, although not required. Even if a proton beam with thermal energy distribution is generated in stage I, due to the filtering properties of the laser-induced Coulomb mirror ͑stage II͒, only the highenergy end of the initial spectrum will penetrate the second target and will experience additional acceleration. In the case of single-layer target in stage I and for improved monoenergetic properties, an energy selective device ͑magnetic spectrometer͒ may be introduced between the two targets to en- 
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sure that protons with proper spectrum are incident on stage II. It is important to note that the second target has to be devoid of hydrogen and light-ion contamination in order to prevent the generation of thermal protons and ions that would hamper the detection.
V. CONCLUSIONS
Using 2D PIC simulations a new dynamic regime of proton acceleration by ultra-intense laser pulses is identified. It utilizes the proper synchronization of the arrival time of protons with the temporal evolution of the electric field of the target ͑Coulomb mirror effect͒. A 3D model is developed that allows us to study the dynamics of proton acceleration for a realistic set of parameters. Our models ͑simulation and theory͒ predict that in a new two-target geometry, the proton energy may be enhanced by Ϸ30% compared to the conventional double-layer target pumped by the same laser power. This new geometry involves two consecutive amplification steps in which relativistic laser pulses ionize thin foil targets. With only one experimentally adjustable parameter ͑the delay of the second laser pulse͒, this amplification scheme offers increased proton energy on one hand, and particle ͑and energy͒ selection capabilities on the other. The new dynamic regime of proton acceleration analyzed here opens a new path toward improved laser-based proton accelerators.
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